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1. (i)   𝑥𝑥 = −4 cos3 𝑡𝑡   so   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 12 cos2 𝑡𝑡  sin 𝑡𝑡     M1 

𝑦𝑦 = 12 sin 𝑡𝑡 − 4 sin3 𝑡𝑡  so    𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 12 cos 𝑡𝑡 − 12 sin2 𝑡𝑡 cos 𝑡𝑡 = 12 cos 𝑡𝑡  (1 − sin2 𝑡𝑡) =  12 cos3 𝑡𝑡 
           M1 

So  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  12 cos3 𝑑𝑑
12 cos2 𝑑𝑑  sin 𝑑𝑑

= cot 𝑡𝑡  A1 

Thus the equation of the normal at  (−4 cos3 𝜑𝜑  , 12 sin𝜑𝜑 − 4 sin3 𝜑𝜑 )  is 

𝑦𝑦 − (12 sin𝜑𝜑 − 4 sin3 𝜑𝜑) = −
1

cot𝜑𝜑
(𝑥𝑥 − −4 cos3 𝜑𝜑) 

         M1 A1ft 

This simplifies to  𝑥𝑥 sin𝜑𝜑 + 𝑦𝑦 cos𝜑𝜑 = 12 sin𝜑𝜑 cos𝜑𝜑 − 4 sin3 𝜑𝜑 cos𝜑𝜑 − 4 sin𝜑𝜑 cos3 𝜑𝜑 

That is      𝑥𝑥 sin𝜑𝜑 +𝑦𝑦 cos𝜑𝜑 = 8 sin𝜑𝜑 cos𝜑𝜑  A1  (6) 

 Alternative simplification   𝑥𝑥 tan𝜑𝜑 + 𝑦𝑦 = 8 sin𝜑𝜑 

 

For  𝑥𝑥 = 8 cos3 𝑡𝑡 ,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −24 cos2 𝑡𝑡  sin 𝑡𝑡    and  for  𝑦𝑦 = 8 sin3 𝑡𝑡 , 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 24 sin2 𝑡𝑡 cos 𝑡𝑡 

So  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  24 sin2 𝑑𝑑 cos 𝑑𝑑
−24 cos2 𝑑𝑑  sin 𝑑𝑑 

= − tan 𝑡𝑡  M1 A1ft 

Thus the equation of the tangent to  𝑥𝑥
2
3 + 𝑦𝑦

2
3 = 4  at  (8 cos3 𝜑𝜑 , 8 sin3 𝜑𝜑 ) is 

𝑦𝑦 − 8 sin3 𝜑𝜑 = − tan𝜑𝜑 (𝑥𝑥 − 8 cos3 𝜑𝜑) 

        M1 

This simplifies to 

    𝑥𝑥 sin𝜑𝜑 +𝑦𝑦 cos𝜑𝜑 = 8 sin3 𝜑𝜑 cos𝜑𝜑 +  8 sin𝜑𝜑 cos3 𝜑𝜑 = 8 sin𝜑𝜑 cos𝜑𝜑  (sin2 𝜑𝜑 + cos2 𝜑𝜑) 

That is  𝑥𝑥 sin𝜑𝜑 + 𝑦𝑦 cos𝜑𝜑 = 8 sin𝜑𝜑 cos𝜑𝜑   as required.  A1  (4) 

Alternative 1 

the normal is a tangent to the second curve if it has the same gradient and the point 
(8 cos3 𝜑𝜑 , 8 sin3 𝜑𝜑 ) lies on the normal.                                         M1 

Gradient working as before M1A1ft 

Substitution   𝑥𝑥 sin𝜑𝜑 +𝑦𝑦 cos𝜑𝜑 = 8 sin𝜑𝜑 cos3 𝜑𝜑 + 8 sin3 𝜑𝜑  cos𝜑𝜑 = 8 sin𝜑𝜑 cos𝜑𝜑 (sin2 𝜑𝜑 +
cos2 𝜑𝜑) = 8 sin𝜑𝜑 cos𝜑𝜑  as required  or  𝑥𝑥 tan𝜑𝜑 + 𝑦𝑦 = 8 sin𝜑𝜑 cos𝜑𝜑 (sin2 𝜑𝜑 + cos2 𝜑𝜑)  A1 

Alternative 2 

2
3
𝑥𝑥
−1
3 +

2
3
𝑦𝑦
−1
3
𝑑𝑑𝑦𝑦
𝑑𝑑𝑥𝑥

= 0 

        M1 

 



(ii)  𝑥𝑥 = cos 𝑡𝑡 + 𝑡𝑡 sin 𝑡𝑡   so   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= − sin 𝑡𝑡 + 𝑡𝑡 cos 𝑡𝑡 + sin 𝑡𝑡 = 𝑡𝑡 cos 𝑡𝑡 

𝑦𝑦 = sin 𝑡𝑡 − 𝑡𝑡 cos 𝑡𝑡   so    𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=  cos 𝑡𝑡 − cos 𝑡𝑡 + 𝑡𝑡 sin 𝑡𝑡 = 𝑡𝑡 sin 𝑡𝑡    M1 

So  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= tan 𝑡𝑡     A1 

Thus the equation of the normal at  (cos𝜑𝜑 +  𝜑𝜑 sin  𝜑𝜑  , sin  𝜑𝜑 −  𝜑𝜑 cos  𝜑𝜑 )  is 

𝑦𝑦 − (sin  𝜑𝜑 −  𝜑𝜑 cos  𝜑𝜑) = − cot𝜑𝜑�𝑥𝑥 − (cos𝜑𝜑 +  𝜑𝜑 sin  𝜑𝜑)� 

        M1 A1ft 

This simplifies to   𝑥𝑥 cos𝜑𝜑 + 𝑦𝑦 sin  𝜑𝜑 = 1   A1  (5) 

Alternatives which can be followed through to perpendicular distance step, or alternative method # 
are 

𝑥𝑥 + 𝑦𝑦 tan𝜑𝜑 = sec𝜑𝜑  and   𝑥𝑥 cot𝜑𝜑 + 𝑦𝑦 = csc𝜑𝜑 

The distance of  (0,0)  from  𝑥𝑥 cos𝜑𝜑 + 𝑦𝑦 sin  𝜑𝜑 = 1  is  � −1
�cos2 𝜑𝜑+sin2 𝜑𝜑 

� = 1 

          M1 A1ft    A1 

Alternatively, the perpendicular to  𝑥𝑥 cos𝜑𝜑 + 𝑦𝑦 sin  𝜑𝜑 = 1  through  (0,0)  is   

 𝑦𝑦 cos𝜑𝜑 − 𝑥𝑥 sin  𝜑𝜑 = 0  , and these two lines meet at  (cos𝜑𝜑  , sin  𝜑𝜑 )  

        M1 A1ft 

which is a distance  �cos2 𝜑𝜑 + sin2 𝜑𝜑 = 1  from  (0,0) . A1 

So the curve to which this normal is a tangent is a circle centre  (0,0) , radius 1  which is thus       
𝑥𝑥2 + 𝑦𝑦2 = 1    M1  A1    (5) 

  



2. (i)  �
1 −𝑥𝑥 𝑥𝑥
𝑦𝑦 1 −𝑦𝑦
−𝑧𝑧 𝑧𝑧 1

��
𝑎𝑎
𝑏𝑏
𝑐𝑐
� = �

𝑎𝑎 − (𝑏𝑏 − 𝑐𝑐)𝑥𝑥
𝑏𝑏 − (𝑐𝑐 − 𝑎𝑎)𝑦𝑦
𝑐𝑐 − (𝑎𝑎 − 𝑏𝑏)𝑧𝑧

� = �
𝑎𝑎 − 𝑎𝑎
𝑏𝑏 − 𝑏𝑏
𝑐𝑐 − 𝑐𝑐

� = �
0
0
0
�  as required.  M1 A1* 

As  a, b and c are distinct, they cannot all be zero.   If  𝑀𝑀−1 exists  �
𝑎𝑎
𝑏𝑏
𝑐𝑐
� = 𝑀𝑀−1 �

0
0
0
� = �

0
0
0
� which is a 

contradiction. 

So,  𝑀𝑀−1 does not exist and thus   𝑑𝑑𝑑𝑑𝑡𝑡 �
1 −𝑥𝑥 𝑥𝑥
𝑦𝑦 1 −𝑦𝑦
−𝑧𝑧 𝑧𝑧 1

� = 0  ,  M1   

  i.e.  1 − 𝑥𝑥𝑦𝑦𝑧𝑧 + 𝑥𝑥𝑦𝑦𝑧𝑧 + 𝑦𝑦𝑧𝑧 + 𝑧𝑧𝑥𝑥 + 𝑥𝑥𝑦𝑦 = 0 , (Sarus)   

or 1(1 + 𝑦𝑦𝑧𝑧) −−𝑥𝑥(𝑦𝑦 − 𝑦𝑦𝑧𝑧) + 𝑥𝑥(𝑦𝑦𝑧𝑧 + 𝑧𝑧) = 0 (by co-factors)  M1   

which simplifies to 

 𝑦𝑦𝑧𝑧 + 𝑧𝑧𝑥𝑥 + 𝑥𝑥𝑦𝑦 = −1  A1 *  (5) 

 

(𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧)2 ≥ 0  

So  𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2 + 2𝑦𝑦𝑧𝑧 + 2𝑧𝑧𝑥𝑥 + 2𝑥𝑥𝑦𝑦 ≥ 0     M1 

and so  𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2 ≥ 2    A1*  (2) 

 

(ii)  �
2 −𝑥𝑥 −𝑥𝑥
−𝑦𝑦 2 −𝑦𝑦
−𝑧𝑧 −𝑧𝑧 2

��
𝑎𝑎
𝑏𝑏
𝑐𝑐
� = �

2𝑎𝑎 − (𝑏𝑏 + 𝑐𝑐)𝑥𝑥
2𝑏𝑏 − (𝑐𝑐 + 𝑎𝑎)𝑦𝑦
2𝑐𝑐 − (𝑎𝑎 + 𝑏𝑏)𝑧𝑧

� = �
2𝑎𝑎 − 2𝑎𝑎
2𝑏𝑏 − 2𝑏𝑏
2𝑐𝑐 − 2𝑐𝑐

� = �
0
0
0
� 

                        B1                                  M1                                                  A1 

As  a, b and c are positive, they cannot all be zero.  Thus as  �
2 −𝑥𝑥 −𝑥𝑥
−𝑦𝑦 2 −𝑦𝑦
−𝑧𝑧 −𝑧𝑧 2

��
𝑎𝑎
𝑏𝑏
𝑐𝑐
� = �

0
0
0
�  ,  

as in part (i),  𝑑𝑑𝑑𝑑𝑡𝑡 �
2 −𝑥𝑥 −𝑥𝑥
−𝑦𝑦 2 −𝑦𝑦
−𝑧𝑧 −𝑧𝑧 2

� = 0 ,   

i.e.  8 − 𝑥𝑥𝑦𝑦𝑧𝑧 − 𝑥𝑥𝑦𝑦𝑧𝑧 − 2𝑦𝑦𝑧𝑧 − 2𝑧𝑧𝑥𝑥 − 2𝑥𝑥𝑦𝑦 = 0  , that is  M1 A1 

𝑥𝑥𝑦𝑦𝑧𝑧 + 𝑦𝑦𝑧𝑧 + 𝑧𝑧𝑥𝑥 + 𝑥𝑥𝑦𝑦 = 4   A1*  (6) 

 

(𝑥𝑥 + 1)(𝑦𝑦 + 1)(𝑧𝑧 + 1) = 𝑥𝑥𝑦𝑦𝑧𝑧 + 𝑧𝑧𝑥𝑥 + 𝑥𝑥𝑦𝑦 + 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 + 1 = 4 + 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 + 1 > 5 

   M1       A1  

because as a, b, and c are all positive, so are x, y and z.   E1 

Thus  � 2𝑎𝑎
𝑏𝑏+𝑐𝑐

+ 1� � 2𝑏𝑏
𝑐𝑐+𝑎𝑎

+ 1� � 2𝑐𝑐
𝑎𝑎+𝑏𝑏

+ 1� > 5 

Multiplying by  (𝑏𝑏 + 𝑐𝑐)(𝑐𝑐 + 𝑎𝑎)(𝑎𝑎 + 𝑏𝑏) , all three factors of which are positive, gives 



(2𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐)(𝑎𝑎 + 2𝑏𝑏 + 𝑐𝑐)(𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐) > 5(𝑏𝑏 + 𝑐𝑐)(𝑐𝑐 + 𝑎𝑎)(𝑎𝑎 + 𝑏𝑏) as required.  A1* (4) 

𝑥𝑥 = 2𝑎𝑎
𝑏𝑏+𝑐𝑐

> 2𝑎𝑎
𝑎𝑎+𝑏𝑏+𝑐𝑐

  as a, b, and c are positive, and similarly both, 𝑦𝑦 > 2𝑏𝑏
𝑎𝑎+𝑏𝑏+𝑐𝑐

  and 𝑧𝑧 > 2𝑐𝑐
𝑎𝑎+𝑏𝑏+𝑐𝑐

 

M1 

Thus  4 + 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 + 1 > 4 + 2𝑎𝑎
𝑎𝑎+𝑏𝑏+𝑐𝑐

+ 2𝑏𝑏
𝑎𝑎+𝑏𝑏+𝑐𝑐

+ 2𝑐𝑐
𝑎𝑎+𝑏𝑏+𝑐𝑐

+ 1 = 4 + 2(𝑎𝑎+𝑏𝑏+𝑐𝑐)
𝑎𝑎+𝑏𝑏+𝑐𝑐

+ 1 = 7 

dM1 

and thus following the argument used to obtain the previous result 

(2𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐)(𝑎𝑎 + 2𝑏𝑏 + 𝑐𝑐)(𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐) > 7(𝑏𝑏 + 𝑐𝑐)(𝑐𝑐 + 𝑎𝑎)(𝑎𝑎 + 𝑏𝑏) as required. 

A1* (3) 

  



3.  (i)  

1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) =
1
2

 �(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛+1
𝛽𝛽

0

+ (sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1𝑑𝑑𝑥𝑥 

=
1
2
�(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

((sec 𝑥𝑥 + tan 𝑥𝑥)2 + 1) 𝑑𝑑𝑥𝑥 

     M1 

=
1
2
�(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

(sec2 𝑥𝑥 + 2 sec 𝑥𝑥 tan 𝑥𝑥 + tan2 𝑥𝑥 + 1) 𝑑𝑑𝑥𝑥 

= �(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1(sec2 𝑥𝑥 + sec 𝑥𝑥 tan 𝑥𝑥)

𝛽𝛽

0

𝑑𝑑𝑥𝑥 

     M1 

= �
1
𝑛𝑛

(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛�
0

𝛽𝛽
=

1
𝑛𝑛

 ((sec𝛽𝛽 + tan𝛽𝛽)𝑛𝑛 − 1) 

    M1 A1   *A1 (5) 

as required. 

1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) − 𝐼𝐼𝑛𝑛 =
1
2

(𝐼𝐼𝑛𝑛+1 − 2𝐼𝐼𝑛𝑛 + 𝐼𝐼𝑛𝑛−1) 

=
1
2

 �(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛+1
𝛽𝛽

0

− 2(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛 + (sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1𝑑𝑑𝑥𝑥 

      M1 

=
1
2
�(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

�(sec 𝑥𝑥 + tan 𝑥𝑥) − 1�2𝑑𝑑𝑥𝑥 

      M1 A1 

�(sec 𝑥𝑥 + tan 𝑥𝑥) − 1�
2 > 0  for all x>0 

sec 𝑥𝑥 ≥ 1  for  0 ≤ 𝑥𝑥 < 𝜋𝜋
2

  and hence for  0 ≤ x < 𝛽𝛽  and similarly  tan 𝑥𝑥 ≥ 0  , and thus also 
(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1 > 0 .  E1 

 

Therefore,   1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) − 𝐼𝐼𝑛𝑛 > 0 , A1   

and so   𝐼𝐼𝑛𝑛 <  1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) = 1
𝑛𝑛

 ((sec𝛽𝛽 + tan𝛽𝛽)𝑛𝑛 − 1)  as required.  M1 *A1  (7) 

 



Alternative 1:  it has already been shown that 

   1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) = ∫ (sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1(sec2 𝑥𝑥 + sec 𝑥𝑥 tan 𝑥𝑥)𝛽𝛽
0 𝑑𝑑𝑥𝑥 

= � sec 𝑥𝑥 (sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛
𝛽𝛽

0

𝑑𝑑𝑥𝑥 

which is greater than  𝐼𝐼𝑛𝑛 as the expression being integrated is greater than (sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛 because 
sec 𝑥𝑥 > 0 over this domain. 

 

Alternative 2:- 

𝐼𝐼𝑛𝑛+1 − 𝐼𝐼𝑛𝑛 = �(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛(sec 𝑥𝑥 + tan 𝑥𝑥 − 1)

𝛽𝛽

0

𝑑𝑑𝑥𝑥 

𝐼𝐼𝑛𝑛 − 𝐼𝐼𝑛𝑛−1 = �(sec 𝑥𝑥 + tan 𝑥𝑥)𝑛𝑛−1(sec 𝑥𝑥 + tan 𝑥𝑥 − 1)

𝛽𝛽

0

𝑑𝑑𝑥𝑥 

      M1 A1 A1 

For  0 < x < 𝛽𝛽  , sec 𝑥𝑥 > 1 , tan 𝑥𝑥 > 0  so  sec 𝑥𝑥 + tan 𝑥𝑥 > 1  E1 and thus  𝐼𝐼𝑛𝑛+1 − 𝐼𝐼𝑛𝑛 > 𝐼𝐼𝑛𝑛 − 𝐼𝐼𝑛𝑛−1  A1 

and so  𝐼𝐼𝑛𝑛 ≤  1
2

 (𝐼𝐼𝑛𝑛+1 + 𝐼𝐼𝑛𝑛−1) = 1
𝑛𝑛

 ((sec𝛽𝛽 + tan𝛽𝛽)𝑛𝑛 − 1)  M1 *A1 (7) 

(ii)  1
2

 (𝐽𝐽𝑛𝑛+1 + 𝐽𝐽𝑛𝑛−1) = 1
2

 ∫ (sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛+1𝛽𝛽
0 + (sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1𝑑𝑑𝑥𝑥 

=
1
2
�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

((sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)2 + 1) 𝑑𝑑𝑥𝑥 

    M1 

=
1
2
�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

(sec2 𝑥𝑥 cos2 𝛽𝛽 + 2 sec 𝑥𝑥 cos𝛽𝛽 tan 𝑥𝑥 + tan2 𝑥𝑥 + 1) 𝑑𝑑𝑥𝑥 

=
1
2
�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

(sec2 𝑥𝑥 (1 − sin2 𝛽𝛽) + 2 sec 𝑥𝑥 cos𝛽𝛽 tan 𝑥𝑥 + tan2 𝑥𝑥 + 1) 𝑑𝑑𝑥𝑥 

= �(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1 �(sec2 𝑥𝑥 + sec 𝑥𝑥 cos𝛽𝛽 tan 𝑥𝑥) − sec2 𝑥𝑥 sin2 𝛽𝛽�𝑑𝑑𝑥𝑥

𝛽𝛽

0

 

     M1 

�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1 (sec2 𝑥𝑥 + sec 𝑥𝑥 cos𝛽𝛽 tan 𝑥𝑥)𝑑𝑑𝑥𝑥 = �
1
𝑛𝑛

(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛�
0

𝛽𝛽
𝛽𝛽

0

 



      M1 

=
1
𝑛𝑛

((1 + tan𝛽𝛽)𝑛𝑛 − cos𝑛𝑛 𝛽𝛽) 

      A1 

�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1  sec2 𝑥𝑥 sin2 𝛽𝛽 𝑑𝑑𝑥𝑥 > 0

𝛽𝛽

0

 

by a similar argument to part (i), namely  sec2 𝑥𝑥 sin2 𝛽𝛽 > 0  for any x,  and sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥 > 0 
as sec 𝑥𝑥 > 0 and tan 𝑥𝑥 ≥ 0 for 0 ≤ x < 𝛽𝛽 < 𝜋𝜋

2
   E1 

Hence   1
2

 (𝐽𝐽𝑛𝑛+1 + 𝐽𝐽𝑛𝑛−1) < 1
𝑛𝑛

((1 + tan𝛽𝛽)𝑛𝑛 − cos𝑛𝑛 𝛽𝛽)  A1 

But  

1
2

 (𝐽𝐽𝑛𝑛+1 + 𝐽𝐽𝑛𝑛−1) − 𝐽𝐽𝑛𝑛 ==
1
2
�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥)𝑛𝑛−1
𝛽𝛽

0

�(sec 𝑥𝑥 cos𝛽𝛽 + tan 𝑥𝑥) − 1�2𝑑𝑑𝑥𝑥 > 0 

     M1 

as before, and thus 𝐽𝐽𝑛𝑛 < 1
2

 (𝐽𝐽𝑛𝑛+1 + 𝐽𝐽𝑛𝑛−1) < 1
𝑛𝑛

((1 + tan𝛽𝛽)𝑛𝑛 − cos𝑛𝑛 𝛽𝛽) as required.  *A1 (8) 

 

  



4.  (i)  

𝒎𝒎.𝒂𝒂 = 1
2

(𝒂𝒂 + 𝒃𝒃).𝒂𝒂 = 1
2

(1 + 𝒂𝒂.𝒃𝒃) = 𝑚𝑚 cos𝛼𝛼  where  𝛼𝛼  is the non-reflex angle between a and m 

𝒎𝒎.𝒃𝒃 = 1
2

(𝒂𝒂 + 𝒃𝒃).𝒃𝒃 = 1
2

(1 + 𝒂𝒂.𝒃𝒃) = 𝑚𝑚 cos𝛽𝛽  where  𝛼𝛼  is the non-reflex angle between 𝒃𝒃 and m 

    M1 A1 

Thus  cos𝛼𝛼 = cos𝛽𝛽  and so  𝛼𝛼 = 𝛽𝛽  as for  0 ≤ 𝜏𝜏 ≤ 𝜋𝜋 , there is only one value of 𝜏𝜏 for any given 
value of   cos 𝜏𝜏 .  E1 (3) 

(ii) 𝒂𝒂𝟏𝟏. 𝒄𝒄 = (𝒂𝒂 − (𝒂𝒂. 𝒄𝒄)𝒄𝒄). 𝒄𝒄 = 𝒂𝒂. 𝒄𝒄 − 𝒂𝒂. 𝒄𝒄 𝒄𝒄. 𝒄𝒄 = 0 as required.  *B1 

 𝒂𝒂. 𝒄𝒄 = cos𝛼𝛼  ,  𝒃𝒃. 𝒄𝒄 = cos𝛽𝛽 , 𝒂𝒂.𝒃𝒃 = cos𝜃𝜃 

𝒂𝒂𝟏𝟏 = 𝒂𝒂 − (𝒂𝒂. 𝒄𝒄)𝒄𝒄   and  𝒃𝒃𝟏𝟏 = 𝒃𝒃 − (𝒃𝒃. 𝒄𝒄)𝒄𝒄 

|𝒂𝒂𝟏𝟏|𝟐𝟐 = 𝒂𝒂𝟏𝟏.𝒂𝒂𝟏𝟏 = (𝒂𝒂 − (𝒂𝒂. 𝒄𝒄)𝒄𝒄). (𝒂𝒂 − (𝒂𝒂. 𝒄𝒄)𝒄𝒄) = 𝒂𝒂.𝒂𝒂 − 2𝒂𝒂. 𝒄𝒄 𝒂𝒂. 𝒄𝒄 + 𝒂𝒂. 𝒄𝒄 𝒂𝒂. 𝒄𝒄 𝒄𝒄. 𝒄𝒄 

= 1 − 2 cos2 𝛼𝛼 + cos2 𝛼𝛼 = sin2 𝛼𝛼 

        M1 

and so. as  𝛼𝛼  is acute,  |𝒂𝒂𝟏𝟏| = sin𝛼𝛼  as required.  *A1 

 

𝒂𝒂𝟏𝟏.𝒃𝒃𝟏𝟏 = (𝒂𝒂 − (𝒂𝒂. 𝒄𝒄)𝒄𝒄). (𝒃𝒃 − (𝒃𝒃. 𝒄𝒄)𝒄𝒄) = 𝒂𝒂.𝒃𝒃 − 2(𝒂𝒂. 𝒄𝒄)(𝒃𝒃. 𝒄𝒄) + (𝒂𝒂. 𝒄𝒄)(𝒃𝒃. 𝒄𝒄)(𝒄𝒄. 𝒄𝒄) 

= cos𝜃𝜃 − cos𝛼𝛼 cos𝛽𝛽 

      M1 A1 

but also,  𝒂𝒂𝟏𝟏.𝒃𝒃𝟏𝟏 = sin𝛼𝛼 sin𝛽𝛽 cos𝜑𝜑  B1 M1 

and hence,  

cos𝜑𝜑 =
cos𝜃𝜃 − cos𝛼𝛼 cos𝛽𝛽

sin𝛼𝛼 sin𝛽𝛽
 

as required.     *A1 (8) 

(iii)  𝒎𝒎𝟏𝟏 = 𝒎𝒎− (𝒎𝒎. 𝒄𝒄)𝒄𝒄 = 1
2

(𝒂𝒂 + 𝒃𝒃) − �1
2

(𝒂𝒂 + 𝒃𝒃). 𝒄𝒄� 𝒄𝒄 = 1
2

(𝒂𝒂𝟏𝟏 + 𝒃𝒃𝟏𝟏)   B1 

𝒎𝒎𝟏𝟏 bisects the angle between  𝒂𝒂𝟏𝟏  and  𝒃𝒃𝟏𝟏 if and only if  
𝒎𝒎𝟏𝟏.𝒂𝒂𝟏𝟏
sin𝛼𝛼

=
𝒎𝒎𝟏𝟏.𝒃𝒃𝟏𝟏
sin𝛽𝛽

 

      M1 

Thus, multiplying through by 2 sin𝛼𝛼 sin𝛽𝛽 , 

(𝒂𝒂𝟏𝟏 + 𝒃𝒃𝟏𝟏).𝒂𝒂𝟏𝟏 sin𝛽𝛽 = (𝒂𝒂𝟏𝟏 + 𝒃𝒃𝟏𝟏).𝒃𝒃𝟏𝟏 sin𝛼𝛼 

       A1 

 

(sin2 𝛼𝛼 + 𝒂𝒂𝟏𝟏.𝒃𝒃𝟏𝟏) sin𝛽𝛽 = (sin2 𝛽𝛽 + 𝒂𝒂𝟏𝟏.𝒃𝒃𝟏𝟏) sin𝛼𝛼 



      M1 A1 

So  
(𝒂𝒂𝟏𝟏.𝒃𝒃𝟏𝟏 − sin𝛼𝛼 sin𝛽𝛽)(sin𝛼𝛼 − sin𝛽𝛽) = 0 

      A1 

and thus,   sin𝛼𝛼 = sin𝛽𝛽   in which case  𝛼𝛼 = 𝛽𝛽  as both angles are acute,  *A1 

or  cos 𝜃𝜃 − cos𝛼𝛼 cos𝛽𝛽 = sin𝛼𝛼 sin𝛽𝛽 , meaning that  cos𝜃𝜃 = cos𝛼𝛼 cos𝛽𝛽 + sin𝛼𝛼 sin𝛽𝛽 = cos(𝛼𝛼 − 𝛽𝛽) 

     M1  *A1 (9) 

 

  



5.  (i)  The curves meet when  𝑎𝑎 + 2 cos 𝜃𝜃 = 2 + cos 2𝜃𝜃 

That is,   𝑎𝑎 + 2 cos 𝜃𝜃 = 2 + 2 cos2 𝜃𝜃 − 1  or as required,  B1  2 cos2 𝜃𝜃 − 2 cos 𝜃𝜃 + 1 − 𝑎𝑎 = 0 

The curves touch if this quadratic has coincident roots, M1 i.e. if  4 − 8(1 − 𝑎𝑎) = 0 ⇒ 𝑎𝑎 = 1
2
  , *A1 

or if  cos𝜃𝜃 = ±1  , M1 in which cases  𝑎𝑎 = 1 A1 or  𝑎𝑎 = 5 . A1 (6) 

 

Alternatively, for the curves to touch, they must have the same gradient, so differentiating, 

−2 sin𝜃𝜃 = −2 sin 2𝜃𝜃 = −4 sin𝜃𝜃  cos 𝜃𝜃 

     M1 

in which case,  either  sin𝜃𝜃 = 0  giving  cos𝜃𝜃 = ±1  , M1  in which cases  𝑎𝑎 = 1  A1 or  𝑎𝑎 = 5 , A1 or 
cos𝜃𝜃 = 1

2
  in which case  𝑎𝑎 = 1

2
  . *A1 (6) 

(ii)  If  𝑎𝑎 = 1
2
  then at points where they touch,  cos𝜃𝜃 = 1

2
  so 𝜃𝜃 = ± 𝜋𝜋

3
  and thus  �3

2
 , ± 𝜋𝜋

3
  �.  M1A1 

𝑟𝑟 = 𝑎𝑎 + 2 cos 𝜃𝜃  is symmetrical about the initial line which it intercepts at  �5
2

 , 0  �  and has a cusp at 

�0 , ± cos−1 �− 1
4
�  � .  It passes through �1

2
 , ± 𝜋𝜋

2
  �  and only exists for   

 − cos−1 �− 1
4
� < 𝜃𝜃 < cos−1 �− 1

4
� . 

𝑟𝑟 = 2 + cos 2𝜃𝜃  is symmetrical about both the initial line, and its perpendicular.  It passes through 

(3,0) , (3,𝜋𝜋) , and  �1 , ± 𝜋𝜋
2

  � 

Sketch G6 (8) 

(iii) If  𝑎𝑎 = 1 , then the curves meet where  2 cos2 𝜃𝜃 − 2 cos𝜃𝜃 = 0 , i.e.  cos𝜃𝜃 = 1 at  (3,0) where 

they touch, and cos𝜃𝜃 = 0  at  �1, ± 𝜋𝜋
2

  � 

𝑟𝑟 = 𝑎𝑎 + 2 cos 𝜃𝜃  is symmetrical about the initial line which it intercepts at  (3 , 0  )  and has a cusp at 

�0 , ± cos−1 �− 1
2
�  � = �0 , ± 2𝜋𝜋

3
  � .  It passes through �1 , ± 𝜋𝜋

2
  �  and only exists for   

 −2𝜋𝜋
3

< 𝜃𝜃 < 2𝜋𝜋
3

 . 

Sketch G3 

    If  𝑎𝑎 = 5 , then the curves meet where  2 cos2 𝜃𝜃 − 2 cos𝜃𝜃 − 4 = 0 , i.e. only  cos 𝜃𝜃 = −1 at  (3,𝜋𝜋) 
where they touch, as cos𝜃𝜃 ≠ 2 . 

𝑟𝑟 = 𝑎𝑎 + 2 cos 𝜃𝜃  is symmetrical about the initial line which it intercepts at  (7 , 0 )  and (3 ,𝜋𝜋  ) .  It 

also passes through �5 , ± 𝜋𝜋
2

  �  . 

Sketch G3 (6) 

 

  



6. (i)  

𝑓𝑓𝛼𝛼(𝑥𝑥) = tan−1 �
𝑥𝑥 tan𝛼𝛼 + 1
tan𝛼𝛼 − 𝑥𝑥

� 

𝑓𝑓′𝛼𝛼(𝑥𝑥) =
1

1 + �𝑥𝑥 tan𝛼𝛼 + 1
tan𝛼𝛼 − 𝑥𝑥 �

2
(tan𝛼𝛼 − 𝑥𝑥) tan𝛼𝛼 + (𝑥𝑥 tan𝛼𝛼 + 1)

(tan𝛼𝛼 − 𝑥𝑥)2  

      M1 A1 

=
tan2 𝛼𝛼 + 1

(tan𝛼𝛼 − 𝑥𝑥)2 + (𝑥𝑥 tan𝛼𝛼 + 1)2 

=
sec2 𝛼𝛼

tan2 𝛼𝛼 + 𝑥𝑥2 + 𝑥𝑥2 tan2 𝛼𝛼 + 1
=

sec2 𝛼𝛼
sec2 𝛼𝛼 (1 + 𝑥𝑥2) =

1
1 + 𝑥𝑥2

 

     M1   M1    *A1 (5) 

as required. 

Alternative   

𝑓𝑓𝛼𝛼(𝑥𝑥) = tan−1 �
𝑥𝑥 tan𝛼𝛼 + 1
tan𝛼𝛼 − 𝑥𝑥

� 

= tan−1 �
𝑥𝑥 + cot𝛼𝛼

1 − 𝑥𝑥 cot𝛼𝛼
� 

= tan−1 �
tan(tan−1 𝑥𝑥) + tan �𝜋𝜋2 − 𝛼𝛼�

1 − tan(tan−1 𝑥𝑥) tan �𝜋𝜋2 − 𝛼𝛼�
� 

                                                                                            M1  A1 

= tan−1 �tan �tan−1 𝑥𝑥 +
𝜋𝜋
2
− 𝛼𝛼�� 

      M1 

= tan−1 𝑥𝑥 + 𝜋𝜋
2
− 𝛼𝛼  if this is less than  𝜋𝜋

2
  , i.e. if  𝑥𝑥 < tan𝛼𝛼 

or      = tan−1 𝑥𝑥 − 𝜋𝜋
2
− 𝛼𝛼     if    𝑥𝑥 > tan𝛼𝛼       M1 

So  𝑓𝑓′𝛼𝛼(𝑥𝑥) = 𝑑𝑑
𝑑𝑑𝑑𝑑

(tan−1 𝑥𝑥) = 1
1+𝑑𝑑2

     *A1 (5) 

 

Thus    𝑓𝑓𝛼𝛼(𝑥𝑥) = tan−1 𝑥𝑥 + 𝑐𝑐 

𝑓𝑓𝛼𝛼(0) = tan−1 �
1

tan𝛼𝛼
� = tan−1(cot𝛼𝛼) =

𝜋𝜋
2
− 𝛼𝛼 

𝑓𝑓𝛼𝛼(𝑥𝑥) = 0    when  𝑥𝑥 = − cot𝛼𝛼 

There is a discontinuity at  𝑥𝑥 = tan𝛼𝛼 , with  𝑓𝑓𝛼𝛼(𝑥𝑥)  approaching  𝜋𝜋
2

  from below and  −𝜋𝜋
2

  from above. 

As   𝑥𝑥 → ±∞ ,  𝑓𝑓𝛼𝛼(𝑥𝑥) → tan−1(− tan𝛼𝛼) = −𝛼𝛼 



So    𝑓𝑓𝛼𝛼(𝑥𝑥) = tan−1 𝑥𝑥 + 𝜋𝜋
2
− 𝛼𝛼  for  𝑥𝑥 < tan𝛼𝛼  and   𝑓𝑓𝛼𝛼(𝑥𝑥) = tan−1 𝑥𝑥 − 𝜋𝜋

2
− 𝛼𝛼  for  𝑥𝑥 > tan𝛼𝛼 

Sketch G1 G1 G1 (3) 

𝑦𝑦 = 𝑓𝑓𝛼𝛼(𝑥𝑥) − 𝑓𝑓𝛽𝛽(𝑥𝑥) = 

�𝜋𝜋
2
− 𝛼𝛼� − �𝜋𝜋

2
− 𝛽𝛽� = β − α  for   𝑥𝑥 < tan𝛼𝛼 

�− 𝜋𝜋
2
− 𝛼𝛼� − �𝜋𝜋

2
− 𝛽𝛽� = β − α − π    for  tan𝛼𝛼 < 𝑥𝑥 < tan𝛽𝛽 

and  �− 𝜋𝜋
2
− 𝛼𝛼� − �−𝜋𝜋

2
− 𝛽𝛽� =  β − α  for   𝑥𝑥 > tan𝛽𝛽 

Sketch G1 G1 G1 (3) 

(ii)    𝑔𝑔(𝑥𝑥) = tanh−1(sin 𝑥𝑥) − sinh−1(tan 𝑥𝑥) 

𝑔𝑔′ (𝑥𝑥) =
1

1 − sin2 𝑥𝑥
cos 𝑥𝑥 −

1
√1 + tan2 𝑥𝑥

sec2 𝑥𝑥 

     M1 A1  A1 

=
cos 𝑥𝑥

cos2 𝑥𝑥
−

sec2 𝑥𝑥
|sec 𝑥𝑥| = sec 𝑥𝑥 −

sec2 𝑥𝑥
− sec 𝑥𝑥

= 2 sec 𝑥𝑥 

                                                                         M1                                             *A1 (5) 
as required, for sec 𝑥𝑥 < 0 ,  i.e. for  𝜋𝜋

2
< 𝑥𝑥 < 3𝜋𝜋

2
. 

(For  sec 𝑥𝑥 > 0 , 𝑔𝑔′ (𝑥𝑥) = 0 ) 

Sketch G1 G1 G1 G1 (4) 

 

  



7.  

𝑧𝑧 =
𝑑𝑑𝑖𝑖𝑖𝑖 + 𝑑𝑑𝑖𝑖𝜑𝜑

𝑑𝑑𝑖𝑖𝑖𝑖 − 𝑑𝑑𝑖𝑖𝜑𝜑
 

=
cos𝜃𝜃 + 𝑖𝑖 sin𝜃𝜃 + cos𝜑𝜑 + 𝑖𝑖 sin𝜑𝜑
cos𝜃𝜃 + 𝑖𝑖 sin𝜃𝜃 − cos𝜑𝜑 − 𝑖𝑖 sin𝜑𝜑

 

      M1 

=
2 cos𝜃𝜃 + 𝜑𝜑

2  cos 𝜃𝜃 − 𝜑𝜑
2 + 2𝑖𝑖 sin𝜃𝜃 + 𝜑𝜑

2 cos 𝜃𝜃 − 𝜑𝜑
2

−2 sin𝜃𝜃 + 𝜑𝜑
2 sin𝜃𝜃 − 𝜑𝜑

2 + 2𝑖𝑖 cos𝜃𝜃 + 𝜑𝜑
2 sin𝜃𝜃 − 𝜑𝜑

2
   

      M1 A1 A1 

=
2 cos𝜃𝜃 − 𝜑𝜑

2  �cos𝜃𝜃 + 𝜑𝜑
2 + 𝑖𝑖 sin𝜃𝜃 + 𝜑𝜑

2 �

2 sin𝜃𝜃 − 𝜑𝜑
2  �𝑖𝑖 cos 𝜃𝜃 + 𝜑𝜑

2 − sin𝜃𝜃 + 𝜑𝜑
2 �

 

= −𝑖𝑖 cot
𝜃𝜃 − 𝜑𝜑

2
 

= 𝑖𝑖 cot
𝜑𝜑 − 𝜃𝜃

2
 

      *A1 (5) 

as required. 

Alternatively, 

𝑧𝑧 =
𝑑𝑑𝑖𝑖𝑖𝑖 + 𝑑𝑑𝑖𝑖𝜑𝜑

𝑑𝑑𝑖𝑖𝑖𝑖 − 𝑑𝑑𝑖𝑖𝜑𝜑
=
𝑑𝑑𝑖𝑖�

𝑖𝑖−𝜑𝜑
2 � + 𝑑𝑑−𝑖𝑖�

𝑖𝑖−𝜑𝜑
2 �

𝑑𝑑𝑖𝑖�
𝑖𝑖−𝜑𝜑
2 � − 𝑑𝑑−𝑖𝑖�

𝑖𝑖−𝜑𝜑
2 �

=
2 cos 𝜃𝜃 − 𝜑𝜑

2
2𝑖𝑖 sin𝜃𝜃 − 𝜑𝜑

2
= −𝑖𝑖 cot

𝜃𝜃 − 𝜑𝜑
2

= 𝑖𝑖 cot
𝜑𝜑 − 𝜃𝜃

2
 

                                                             M1    M1   A1  A1                                   *A1 (5) 

|𝑧𝑧| = �cot
𝜃𝜃 − 𝜑𝜑

2
� 

                   M1 A1 

|arg 𝑧𝑧| =
𝜋𝜋
2

 

[or   arg 𝑧𝑧 = 𝜋𝜋
2

 𝑜𝑜𝑟𝑟 3𝜋𝜋
2

 ] 

      M1 A1 (4) 

(ii)  Let   𝑎𝑎 = 𝑑𝑑𝑖𝑖𝛼𝛼  and   𝑏𝑏 = 𝑑𝑑𝑖𝑖𝛽𝛽  M1  then   𝑥𝑥 = 𝑎𝑎 + 𝑏𝑏 = 𝑑𝑑𝑖𝑖𝛼𝛼 + 𝑑𝑑𝑖𝑖𝛽𝛽   and   𝐴𝐴𝐴𝐴 = 𝑏𝑏 − 𝑎𝑎 = 𝑑𝑑𝑖𝑖𝛽𝛽 − 𝑑𝑑𝑖𝑖𝛼𝛼 

 

arg 𝑥𝑥 − arg𝐴𝐴𝐴𝐴 = arg
𝑥𝑥
𝐴𝐴𝐴𝐴

= arg
𝑑𝑑𝑖𝑖𝛼𝛼 + 𝑑𝑑𝑖𝑖𝛽𝛽

𝑑𝑑𝑖𝑖𝛽𝛽 − 𝑑𝑑𝑖𝑖𝛼𝛼
 

so using (i),  |arg 𝑥𝑥 − arg𝐴𝐴𝐴𝐴| = 𝜋𝜋
2

  A1 and thus OX and AB are perpendicular, since  𝑥𝑥 = 𝑎𝑎 + 𝑏𝑏 ≠ 0 
and  𝑎𝑎 ≠ 𝑏𝑏 as A and B are distinct.  E1 (3) 



 

Alternative:-  0,𝑎𝑎,𝑎𝑎 + 𝑏𝑏, 𝑏𝑏 define a rhombus OAXB as |𝑎𝑎| = |𝑏𝑏| = 1.  Diagonals of a rhombus are 
perpendicular (and bisect one another). 

(iii)   ℎ = 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐  so  𝐴𝐴𝐴𝐴 = 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 − 𝑎𝑎 = 𝑏𝑏 + 𝑐𝑐  and  𝐴𝐴𝐵𝐵 = 𝑐𝑐 − 𝑏𝑏  and thus  

 
𝐴𝐴𝐴𝐴
𝐴𝐴𝐵𝐵

=
𝑏𝑏 + 𝑐𝑐
𝑐𝑐 − 𝑏𝑏

 

      B1 

as   𝑐𝑐 − 𝑏𝑏 ≠ 0   

From (ii),  

�arg
𝐴𝐴𝐴𝐴
𝐴𝐴𝐵𝐵

� =
𝜋𝜋
2

 

so BC is perpendicular to AH E1 

unless   𝑏𝑏 + 𝑐𝑐 = 0  E1 in which case   ℎ = 𝑎𝑎  E1 (4) 

 

(iv)  𝑝𝑝 = 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐      𝑞𝑞 = 𝑏𝑏 + 𝑐𝑐 + 𝑑𝑑    𝑟𝑟 = 𝑐𝑐 + 𝑑𝑑 + 𝑎𝑎    𝑠𝑠 = 𝑑𝑑 + 𝑎𝑎 + 𝑏𝑏 

The midpoint of AQ is   𝑎𝑎+𝑞𝑞
2

=  𝑎𝑎+𝑏𝑏+𝑐𝑐+𝑑𝑑
2

  and so by its symmetry it is also the midpoint of BR, CS, and 
DP,  B1 E1 

and thus ABCD is transformed to PQRS by a rotation of  𝜋𝜋  radians about midpoint of AQ.  E1  B1 (4) 

 

Alternatively,  ABCD is transformed to PQRS by an enlargement scale factor -1 , centre of  
enlargement midpoint of AQ.   

 

  



8.  (i)  Suppose  𝑥𝑥𝑘𝑘 ≥ 2 + 4𝑘𝑘−1(𝑎𝑎 − 2)  for some particular integer k (and this is positive as  𝑎𝑎 > 2 )                                 

                                                                                      E1 

Then  𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘2 − 2 ≥ [2 + 4𝑘𝑘−1(𝑎𝑎 − 2)]2 − 2 = 4 + 4𝑘𝑘(𝑎𝑎 − 2) + 42𝑘𝑘−2(𝑎𝑎 − 2)2 − 2 

                                                                                          = 2 + 4𝑘𝑘(𝑎𝑎 − 2) + 42𝑘𝑘−2(𝑎𝑎 − 2)2 

                                                                                          > 2 + 4𝑘𝑘(𝑎𝑎 − 2) 

                                                                                              M1 A1 

which is the required result for  𝑘𝑘 + 1 . 

For  𝑛𝑛 = 1 , 2 + 4𝑛𝑛−1(𝑎𝑎 − 2) = 2 + 𝑎𝑎 − 2 = 𝑎𝑎  so in this case,  𝑥𝑥𝑛𝑛 = 2 + 4𝑛𝑛−1(𝑎𝑎 − 2)  B1 and thus 
by induction   𝑥𝑥𝑛𝑛 ≥ 2 + 4𝑛𝑛−1(𝑎𝑎 − 2) for positive integer n. E1 (5) 

(ii)  If  |𝑥𝑥𝑘𝑘| ≤ 2 , then  0 ≤ |𝑥𝑥𝑘𝑘|2 ≤ 4 , so  −2 ≤ |𝑥𝑥𝑘𝑘|2 − 2 ≤ 2 , that is  −2 ≤ 𝑥𝑥𝑘𝑘+1 ≤ 2 . M1A1 

If |𝑎𝑎| ≤ 2 ,  |𝑥𝑥1| ≤ 2  and thus by induction  −2 ≤ 𝑥𝑥𝑛𝑛 ≤ 2 , that is  𝑥𝑥𝑛𝑛 ↛ ∞  E1 

Whether 𝑎𝑎 = ±𝛼𝛼 , 𝑥𝑥2 would equal the same value, namely  𝛼𝛼2 − 2 .  E1 

So to consider  |𝑎𝑎| ≥ 2 , we only need consider  𝑎𝑎 > 2 to discuss the behaviour of all terms after the 
first.  Therefore, from part (i), we know 𝑥𝑥𝑛𝑛 ≥ 2 + 4𝑛𝑛−1(|𝑎𝑎| − 2)  for 𝑛𝑛 ≥ 2 , and thus 𝑥𝑥𝑛𝑛 → ∞  as  
𝑛𝑛 → ∞ ; B1  hence we have shown 𝑥𝑥𝑛𝑛 → ∞  as  𝑛𝑛 → ∞   if and only if  |𝑎𝑎| ≥ 2 .  (5) 

(iii)   

𝑦𝑦𝑘𝑘 =
𝐴𝐴𝑥𝑥1𝑥𝑥2 ⋯𝑥𝑥𝑘𝑘

𝑥𝑥𝑘𝑘+1
 

𝑦𝑦𝑘𝑘+1 =
𝐴𝐴𝑥𝑥1𝑥𝑥2 ⋯𝑥𝑥𝑘𝑘+1

𝑥𝑥𝑘𝑘+2
=
𝑥𝑥𝑘𝑘+12

𝑥𝑥𝑘𝑘+2
𝑦𝑦𝑘𝑘  

                                                                                                  M1 

Suppose that  

𝑦𝑦𝑘𝑘 =
�𝑥𝑥𝑘𝑘+12 − 4

𝑥𝑥𝑘𝑘+1
 

for some positive integer k,  E1  then  

𝑦𝑦𝑘𝑘+1 =
𝑥𝑥𝑘𝑘+12

𝑥𝑥𝑘𝑘+2
�𝑥𝑥𝑘𝑘+12 − 4

𝑥𝑥𝑘𝑘+1
=
𝑥𝑥𝑘𝑘+1�𝑥𝑥𝑘𝑘+12 − 4

𝑥𝑥𝑘𝑘+2
 

As   𝑥𝑥𝑘𝑘+2 = 𝑥𝑥𝑘𝑘+12 − 2  , 𝑥𝑥𝑘𝑘+1 = �𝑥𝑥𝑘𝑘+2 + 2 ,  and  �𝑥𝑥𝑘𝑘+12 − 4 =  �𝑥𝑥𝑘𝑘+2 − 2 , 

and thus,  

𝑦𝑦𝑘𝑘+1 =
�𝑥𝑥𝑘𝑘+2 + 2�𝑥𝑥𝑘𝑘+2 − 2

𝑥𝑥𝑘𝑘+2
=
�𝑥𝑥𝑘𝑘+22 − 4

𝑥𝑥𝑘𝑘+2
 

                                                                                        M1 A1 

which is the required result for  𝑘𝑘 + 1 .   



𝑦𝑦1 =
𝐴𝐴𝑥𝑥1
𝑥𝑥2

 

and also we wish to have   

𝑦𝑦1 =
�𝑥𝑥22 − 4

𝑥𝑥2
 

                                                                                        M1 

                                                                                        

then  𝐴𝐴𝑥𝑥1 = �𝑥𝑥22 − 4  , that is  𝐴𝐴2𝑥𝑥12 = 𝑥𝑥22 − 4 , and as  𝑥𝑥1 = 𝑎𝑎 ,  𝑥𝑥2 = 𝑥𝑥12 − 2 = 𝑎𝑎2 − 2 

so  
𝐴𝐴2𝑎𝑎2 = (𝑎𝑎2 − 2)2 − 4 = 𝑎𝑎4 − 4𝑎𝑎2 ,  𝐴𝐴2 = 𝑎𝑎2 − 4  , and thus  𝑎𝑎 = √𝐴𝐴2 + 4 ,  as  𝑎𝑎 ≠ 0 nor  
−√𝐴𝐴2 + 4  because  𝑎𝑎 > 2.  A1 E1 

So as the result is true for 𝑦𝑦1 , and we have shown it to be true for 𝑦𝑦𝑘𝑘+1 if it is true for 𝑦𝑦𝑘𝑘  , it is true 
by induction for all positive integer  𝑛𝑛  that   

𝑦𝑦𝑛𝑛 =
�𝑥𝑥𝑛𝑛+12 − 4

𝑥𝑥𝑛𝑛+1
 

                                                                                       E1 (8) 

As   𝑎𝑎 > 2  from (ii)  𝑥𝑥𝑛𝑛 → ∞  as  𝑛𝑛 → ∞  M1  and thus using result just proved,  𝑦𝑦𝑛𝑛 → 1  as  𝑛𝑛 → ∞ , 
i.e. the sequence converges. *A1 (2) 

 

 

 

 

 

  



9.   

Using the sine rule, from triangle PQR 
𝑃𝑃𝑃𝑃

sin𝜃𝜃
=

𝑃𝑃𝑃𝑃

sin �2𝜋𝜋
3 − 𝜑𝜑�

 

                                                                                      M1 A1 

From triangle PQC 
𝑃𝑃𝑃𝑃

sin𝜋𝜋3
=

𝑎𝑎 − 𝑥𝑥

sin �2𝜋𝜋
3 − 𝜃𝜃�

 

                                                                                         A1 

From triangle PBR 
𝑃𝑃𝑃𝑃

sin𝜋𝜋3
=

𝑥𝑥
sin𝜑𝜑

 

                                                                                       A1 

Eliminating PR and PQ between these three equations 

𝑥𝑥 sin
𝜋𝜋
3

sin �
2𝜋𝜋
3
− 𝜑𝜑� sin �

2𝜋𝜋
3
− 𝜃𝜃� = sin𝜑𝜑  sin𝜃𝜃 (𝑎𝑎 − 𝑥𝑥) sin

𝜋𝜋
3

  

                                                                                M1 A1 

Hence 

𝑥𝑥 �
√3
2

cos𝜑𝜑 +
1
2

 sin𝜑𝜑��
√3
2

cos𝜃𝜃 +
1
2

 sin𝜃𝜃� = (𝑎𝑎 − 𝑥𝑥) sin𝜑𝜑  sin𝜃𝜃 

giving 
�√3 cot𝜑𝜑 + 1��√3 cot 𝜃𝜃 + 1�𝑥𝑥 = 4(𝑎𝑎 − 𝑥𝑥) 

as required.                                                              M1 *A1 (8) 

If the ball has speed  𝑣𝑣1 moving from P to Q, speed  𝑣𝑣2 moving from Q to R, and speed  𝑣𝑣3 moving 
from R to P, 

then CLM at Q parallel to CA gives  𝑣𝑣1 cos �2𝜋𝜋
3
− 𝜃𝜃� = 𝑣𝑣2 cos 𝜋𝜋

3
  and NELI perpendicular to CA gives  

𝑑𝑑𝑣𝑣1 sin �2𝜋𝜋
3
− 𝜃𝜃� = 𝑣𝑣2 sin 𝜋𝜋

3
  , and dividing these gives  𝑑𝑑 tan �2𝜋𝜋

3
− 𝜃𝜃� = tan 𝜋𝜋

3
 

                                                                                                                    M1 A1 

and similarly, 

CLM at R parallel to AB gives  𝑣𝑣2 cos 𝜋𝜋
3

= 𝑣𝑣3 cos𝜑𝜑   and NELI perpendicular to AB gives  

𝑑𝑑𝑣𝑣2 sin 𝜋𝜋
3

= 𝑣𝑣3 sin𝜑𝜑 , and dividing these gives  𝑑𝑑 tan 𝜋𝜋
3

=  tan𝜑𝜑 .  A1 

𝑑𝑑 tan �2𝜋𝜋
3
− 𝜃𝜃� = tan 𝜋𝜋

3
  yields   𝑑𝑑 −√3−tan𝑖𝑖

1−√3 tan𝑖𝑖
= √3  M1 which simplifies to  



 𝑑𝑑�√3 + tan 𝜃𝜃� = √3 �√3 tan 𝜃𝜃 − 1�  , or in turn,  (3 − 𝑑𝑑) tan 𝜃𝜃 = √3(1 + 𝑑𝑑)  and so  

cot 𝜃𝜃 =  (3−𝑒𝑒)
√3(1+𝑒𝑒)  A1 

𝑑𝑑 tan 𝜋𝜋
3

=  tan𝜑𝜑  yields   cot𝜑𝜑 = 1
𝑒𝑒√3

  A1 

Substituting these two expressions into the first result of the question, 

�
1
𝑑𝑑

+ 1� �
 (3 − 𝑑𝑑)
(1 + 𝑑𝑑) + 1� 𝑥𝑥 = 4(𝑎𝑎 − 𝑥𝑥) 

      M1 

This simplifies to   

𝑥𝑥 
1 + 𝑑𝑑
𝑑𝑑

4
1 + 𝑑𝑑

= 4(𝑎𝑎 − 𝑥𝑥) 

that is  
𝑥𝑥 = 𝑑𝑑(𝑎𝑎 − 𝑥𝑥) 

 

so  

𝑥𝑥 =
𝑎𝑎𝑑𝑑

1 + 𝑑𝑑
 

as required.                                                                       *A1 (8) 

To continue the motion at P, then similarly to before, the third impact gives  𝑑𝑑 tan �2𝜋𝜋
3
− 𝜑𝜑� =  tan 𝜃𝜃  

            M1 

So  

tan 𝜃𝜃 =  𝑑𝑑
−√3 − tan𝜑𝜑
1 − √3 tan𝜑𝜑

= 𝑑𝑑
√3(𝑑𝑑 + 1)

3𝑑𝑑 − 1
 

and thus, using the previously found result for  cot𝜃𝜃 

 (3 − 𝑑𝑑)
√3(1 + 𝑑𝑑)

=
3𝑑𝑑 − 1

√3(𝑑𝑑 + 1)𝑑𝑑
 

                                                                                     M1 A1 

That is  𝑑𝑑(3 − 𝑑𝑑) = 3𝑑𝑑 − 1 ,  that is  𝑑𝑑2 = 1  and as  𝑑𝑑 ≥ 0 ,  𝑑𝑑 = 1  (and not  -1)  *B1 (4) 

 

  



10.  (i)  At time t,  the point where the string is tangential to the cylinder, M1 say T is at  
(𝑎𝑎 cos 𝜃𝜃,𝑎𝑎 sin𝜃𝜃 ) , A1 the piece of string that remains straight is of length  𝑏𝑏 − 𝑎𝑎θ, M1 , the vector 

representing the string is thus  (𝑏𝑏 − 𝑎𝑎θ) �−sin𝜃𝜃
cos 𝜃𝜃 �   dM1 A1 so the particle is at the point  

(𝑎𝑎 cos 𝜃𝜃 − (𝑏𝑏 − 𝑎𝑎θ) sin𝜃𝜃 ,𝑎𝑎 sin𝜃𝜃 + (𝑏𝑏 − 𝑎𝑎θ) cos𝜃𝜃) . M1 A1 (7) 

�̇�𝑥 = −𝑎𝑎�̇�𝜃 sin𝜃𝜃 − (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 cos 𝜃𝜃 + 𝑎𝑎�̇�𝜃 sin𝜃𝜃 = −(𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 cos 𝜃𝜃 

�̇�𝑦 = 𝑎𝑎�̇�𝜃 cos𝜃𝜃 − (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 sin𝜃𝜃 − 𝑎𝑎�̇�𝜃 cos 𝜃𝜃 = −(𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 sin𝜃𝜃 

                                                                               M1 A1 

 

Thus the speed is  ��(𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 cos𝜃𝜃�
2

+ �(𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 sin𝜃𝜃�
2

= (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃   as required. M1 A1 (4) 

 

(ii)  The only horizontal force on the particle is the tension in the string, which is perpendicular to the 
velocity at any time, so kinetic energy is conserved.  E1    Therefore, 

1
2
𝑚𝑚�(𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃�

2
=

1
2
𝑚𝑚𝑢𝑢2 

                                                                                    M1 

and so, as  (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃  and  𝑢𝑢 are both positive  (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 = 𝑢𝑢   *A1 (3) 

(iii)  The tension in the string, using instantaneous circular motion, at time t is  
𝑚𝑚𝑢𝑢2

(𝑏𝑏 − 𝑎𝑎θ) 

      M1 A1 

As  (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 = 𝑢𝑢 , integrating with respect to t, 

𝑏𝑏𝜃𝜃 −
𝑎𝑎𝜃𝜃2

2
= 𝑢𝑢𝑡𝑡 + 𝑐𝑐 

      M1  

but when  𝑡𝑡 = 0 , 𝜃𝜃 = 0  so  𝑐𝑐 = 0 .  M1  A1   

Thus,  𝑏𝑏𝜃𝜃 − 𝑎𝑎𝑖𝑖2

2
= 𝑢𝑢𝑡𝑡 

i.e. 

𝜃𝜃2 −
2𝑏𝑏𝜃𝜃
𝑎𝑎

+
𝑏𝑏2

𝑎𝑎2
=
𝑏𝑏2

𝑎𝑎2
−

2𝑢𝑢𝑡𝑡
𝑎𝑎

=
𝑏𝑏2 − 2𝑎𝑎𝑢𝑢𝑡𝑡

𝑎𝑎2
 

Alternatively, integrating  (𝑏𝑏 − 𝑎𝑎θ)�̇�𝜃 = 𝑢𝑢  with respect to t, 

−
(𝑏𝑏 − 𝑎𝑎θ)2

2𝑎𝑎
= 𝑢𝑢𝑡𝑡 + 𝑘𝑘 

       M1 



When  𝑡𝑡 = 0 , 𝜃𝜃 = 0  so  𝑘𝑘 = − 𝑏𝑏2

2𝑎𝑎
   M1 A1 

(𝑏𝑏 − 𝑎𝑎θ)2

2𝑎𝑎
=
𝑏𝑏2

2𝑎𝑎
− 𝑢𝑢𝑡𝑡 =

𝑏𝑏2 − 2𝑎𝑎𝑢𝑢𝑡𝑡
2𝑎𝑎

 

Thus, taking positive roots, 

𝑏𝑏 − 𝑎𝑎θ
𝑎𝑎

=
√𝑏𝑏2 − 2𝑎𝑎𝑢𝑢𝑡𝑡

𝑎𝑎
 

Hence, the tension is  

𝑚𝑚𝑢𝑢2

√𝑏𝑏2 − 2𝑎𝑎𝑢𝑢𝑡𝑡
 

      *A1  (6) 

 

  



11.  (i)  

𝑃𝑃(𝑌𝑌 = 𝑛𝑛) = 𝑃𝑃(𝑛𝑛 ≤ 𝑋𝑋 < 𝑛𝑛 + 1) = � 𝜆𝜆 𝑑𝑑−𝜆𝜆𝑑𝑑  𝑑𝑑𝑥𝑥 =
𝑛𝑛+1

𝑛𝑛

�− 𝑑𝑑−𝜆𝜆𝑑𝑑�𝑛𝑛
𝑛𝑛+1 = − 𝑑𝑑−𝜆𝜆(𝑛𝑛+1) +  𝑑𝑑−𝜆𝜆𝑛𝑛 

                                               M1                             M1 

= �1 − 𝑑𝑑−𝜆𝜆�𝑑𝑑−𝜆𝜆𝑛𝑛 

as required.                                                          *A1 (3) 

 

(ii)  

𝑃𝑃(𝑍𝑍 < 𝑧𝑧) = �𝑃𝑃(𝑟𝑟 ≤ 𝑋𝑋 < 𝑟𝑟 + 𝑧𝑧)
∞

𝑟𝑟=0

= �� 𝜆𝜆 𝑑𝑑−𝜆𝜆𝑑𝑑  𝑑𝑑𝑥𝑥 =
𝑟𝑟+𝑧𝑧

𝑟𝑟

∞

𝑟𝑟=0

��− 𝑑𝑑−𝜆𝜆𝑑𝑑�𝑟𝑟
𝑟𝑟+𝑧𝑧

∞

𝑟𝑟=0

 

                                                                   M1                             M1 

= ��− 𝑑𝑑−𝜆𝜆(𝑟𝑟+𝑑𝑑) +  𝑑𝑑−𝜆𝜆𝑟𝑟�
∞

𝑟𝑟=0

= ��1 − 𝑑𝑑−𝜆𝜆𝑧𝑧�𝑑𝑑−𝜆𝜆𝑟𝑟
∞

𝑟𝑟=0

 

                                                                                                              M1 A1 

= �1 − 𝑑𝑑−𝜆𝜆𝑧𝑧�
1

1 − 𝑑𝑑−𝜆𝜆
=

1 − 𝑑𝑑−𝜆𝜆𝑧𝑧

1 − 𝑑𝑑−𝜆𝜆
 

using sum of an infinite GP with magnitude of common ratio less than one. 

 M1 *A1 (6) 

(iii)  As  𝑃𝑃(𝑍𝑍 < 𝑧𝑧) = 1−𝑒𝑒−𝜆𝜆𝜆𝜆

1−𝑒𝑒−𝜆𝜆
  ,  𝑓𝑓𝑍𝑍(𝑧𝑧) = 𝑑𝑑

𝑑𝑑𝑧𝑧
�1−𝑒𝑒

−𝜆𝜆𝜆𝜆

1−𝑒𝑒−𝜆𝜆
� = 𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆

1−𝑒𝑒−𝜆𝜆
     M1 

so  

𝐸𝐸(𝑍𝑍) = �𝑧𝑧 
1

0

𝜆𝜆𝑑𝑑−𝜆𝜆𝑧𝑧

1 − 𝑑𝑑−𝜆𝜆
 𝑑𝑑𝑧𝑧 =

1
1 − 𝑑𝑑−𝜆𝜆

� �−𝑧𝑧𝑑𝑑−𝜆𝜆𝑧𝑧�0
1 + �𝑑𝑑−𝜆𝜆𝑧𝑧 

1

0

𝑑𝑑𝑧𝑧� 

                                                            M1                                          M1 

=
1

1 − 𝑑𝑑−𝜆𝜆
�−𝑑𝑑−𝜆𝜆 − �

𝑑𝑑−𝜆𝜆𝑧𝑧

𝜆𝜆
�
0

1

� =
1

1 − 𝑑𝑑−𝜆𝜆
 �−𝑑𝑑−𝜆𝜆 −

𝑑𝑑−𝜆𝜆

𝜆𝜆
+

1
𝜆𝜆
� 

                                                                   A1 

=
1
𝜆𝜆
−

𝑑𝑑−𝜆𝜆

1 − 𝑑𝑑−𝜆𝜆
 

  or alternatively  
1
𝜆𝜆

  
�1 − (𝜆𝜆 + 1)𝑑𝑑−𝜆𝜆�

1 − 𝑑𝑑−𝜆𝜆
 

 

                                                                                        A1 (5) 



(iv)  
𝑃𝑃(𝑌𝑌 = 𝑛𝑛 𝑎𝑎𝑛𝑛𝑑𝑑 𝑧𝑧1 < 𝑍𝑍 < 𝑧𝑧2) = 𝑃𝑃(𝑛𝑛 + 𝑧𝑧1 < 𝑋𝑋 < 𝑛𝑛 + 𝑧𝑧2) 

= � 𝜆𝜆 𝑑𝑑−𝜆𝜆𝑑𝑑  𝑑𝑑𝑥𝑥 = �− 𝑑𝑑−𝜆𝜆𝑑𝑑�𝑛𝑛+𝑧𝑧1
𝑛𝑛+𝑧𝑧2 = − 𝑑𝑑−𝜆𝜆(𝑛𝑛+𝑧𝑧2) +  𝑑𝑑−𝜆𝜆(𝑛𝑛+𝑧𝑧1) =

𝑛𝑛+𝑧𝑧2

𝑛𝑛+𝑧𝑧1

𝑑𝑑−𝜆𝜆𝑛𝑛�𝑑𝑑−𝜆𝜆𝑧𝑧1 − 𝑑𝑑−𝜆𝜆𝑧𝑧2� 

                          M1                                                                                                                     A1 

𝑃𝑃(𝑌𝑌 = 𝑛𝑛 𝑎𝑎𝑛𝑛𝑑𝑑 𝑧𝑧1 < 𝑍𝑍 < 𝑧𝑧2) = 𝑑𝑑−𝜆𝜆𝑛𝑛�𝑑𝑑−𝜆𝜆𝑧𝑧1 − 𝑑𝑑−𝜆𝜆𝑧𝑧2� 

= �1 − 𝑑𝑑−𝜆𝜆�𝑑𝑑−𝜆𝜆𝑛𝑛 �
1 − 𝑑𝑑−𝜆𝜆𝑧𝑧2
1 − 𝑑𝑑−𝜆𝜆

−
1 − 𝑑𝑑−𝜆𝜆𝑧𝑧1
1 − 𝑑𝑑−𝜆𝜆

� 

      M1 A1 

                                                                  = 𝑃𝑃(𝑌𝑌 = 𝑛𝑛) × 𝑃𝑃( 𝑧𝑧1 < 𝑍𝑍 < 𝑧𝑧2)    M1  

so Y and Z are independent.  E1  (6) 

 

  



12.  (i)  

𝑃𝑃(𝑋𝑋12 = 1) =
1
6

 ,𝑃𝑃(𝑋𝑋12 = 0) =
5
6

 ,𝑃𝑃(𝑋𝑋23 = 1) =
1
6

 ,𝑃𝑃(𝑋𝑋23 = 0) =
5
6

 

 

If  𝑋𝑋23 = 1 , then players 2 and 3 score the same as one another. In that case,  𝑋𝑋12 = 1 would mean 
that player 1 also obtained that same score so  𝑃𝑃(𝑋𝑋12 = 1|𝑋𝑋23 = 1) = 1

6
= 𝑃𝑃(𝑋𝑋12 = 1). 

If  𝑋𝑋23 = 1 ,  𝑋𝑋12 = 0 would mean that player 1 obtained a different score so  

𝑃𝑃(𝑋𝑋12 = 0|𝑋𝑋23 = 1) =
5
6

= 𝑃𝑃(𝑋𝑋12 = 0) 

If  𝑋𝑋23 = 0 , then players 2 and 3 score differently to one another. In that case,  𝑋𝑋12 = 1 would mean 
that player 1 also obtained the same score as player 2 so  𝑃𝑃(𝑋𝑋12 = 1|𝑋𝑋23 = 0) = 1

6
= 𝑃𝑃(𝑋𝑋12 = 1) 

If  𝑋𝑋23 = 0 ,  𝑋𝑋12 = 0 would mean that player 1 obtained a different score to player 2 so  

𝑃𝑃(𝑋𝑋12 = 0|𝑋𝑋23 = 0) =
5
6

= 𝑃𝑃(𝑋𝑋12 = 0) 

Hence  𝑋𝑋12  is independent of  𝑋𝑋23.  M1 A1 (2) 

Alternatively, 

𝑋𝑋12    𝑋𝑋23 

1        1    requires players 2 and 3 to both score same as player 1 so   

𝑃𝑃(𝑋𝑋12 = 1 𝑎𝑎𝑛𝑛𝑑𝑑 𝑋𝑋23 = 1 ) =  
1

36
=

1
6

×
1
6

= 𝑃𝑃(𝑋𝑋12 = 1) × 𝑃𝑃(𝑋𝑋23 = 1) 

1        0   requires player 2 to score the same as player as player 1, and player 3 score differently so 

𝑃𝑃(𝑋𝑋12 = 1 𝑎𝑎𝑛𝑛𝑑𝑑 𝑋𝑋23 = 0 ) =  
5

36
=

1
6

×
5
6

= 𝑃𝑃(𝑋𝑋12 = 1) × 𝑃𝑃(𝑋𝑋23 = 0) 

0      1    requires players 2 and 3 to score the same as one another, and player 1 score differently so 

𝑃𝑃(𝑋𝑋12 = 0 𝑎𝑎𝑛𝑛𝑑𝑑 𝑋𝑋23 = 1 ) =  
5

36
=

5
6

×
1
6

= 𝑃𝑃(𝑋𝑋12 = 0) × 𝑃𝑃(𝑋𝑋23 = 1) 

0      0    requires both player 1 and 3 to score differently to player 2  so 

𝑃𝑃(𝑋𝑋12 = 0 𝑎𝑎𝑛𝑛𝑑𝑑 𝑋𝑋23 = 0 ) =  
25
36

=
5
6

×
5
6

= 𝑃𝑃(𝑋𝑋12 = 0) × 𝑃𝑃(𝑋𝑋23 = 0) 

Hence  𝑋𝑋12  is independent of  𝑋𝑋23.   M1 A1 (2) 

If total score is T , then  

𝑇𝑇 = �𝑋𝑋𝑖𝑖𝑖𝑖
𝑖𝑖<𝑖𝑖

 

                                                                                            M1 

 

 



so  

𝐸𝐸(𝑇𝑇) = 𝐸𝐸 ��𝑋𝑋𝑖𝑖𝑖𝑖
𝑖𝑖<𝑖𝑖

� = �𝐸𝐸�𝑋𝑋𝑖𝑖𝑖𝑖�
𝑖𝑖<𝑖𝑖

= 𝐵𝐵2  𝐸𝐸(𝑋𝑋12) = 𝐵𝐵2   �1 ×
1
6

+ 0 ×
5
6
�𝑛𝑛𝑛𝑛 =

𝑛𝑛(𝑛𝑛 − 1)
12

 

                                                                                  M1                                                                       A1 

𝑉𝑉𝑎𝑎𝑟𝑟(𝑇𝑇) = 𝑉𝑉𝑎𝑎𝑟𝑟 ��𝑋𝑋𝑖𝑖𝑖𝑖
𝑖𝑖<𝑖𝑖

� = �𝑉𝑉𝑎𝑎𝑟𝑟�𝑋𝑋𝑖𝑖𝑖𝑖� = 𝐵𝐵2 𝑉𝑉𝑎𝑎𝑟𝑟(𝑋𝑋12) = 𝐵𝐵2   �12 ×
1
6

+ 02 ×
5
6
−

1
6

2
�𝑛𝑛𝑛𝑛

𝑖𝑖<𝑖𝑖

 

                                                                                                                                                     M1 

=
5𝑛𝑛(𝑛𝑛 − 1)

72
 

      A1 (5) 

(ii)  
𝑉𝑉𝑎𝑎𝑟𝑟(𝑌𝑌1 + 𝑌𝑌2 +  … + 𝑌𝑌𝑚𝑚) = 𝐸𝐸((𝑌𝑌1 + 𝑌𝑌2 +  … + 𝑌𝑌𝑚𝑚)2) − [𝐸𝐸(𝑌𝑌1 + 𝑌𝑌2 +  … + 𝑌𝑌𝑚𝑚)]2 

= 𝐸𝐸�𝑌𝑌12 + 𝑌𝑌22 +  … + 𝑌𝑌𝑚𝑚2 + 2𝑌𝑌1𝑌𝑌2 + 2𝑌𝑌1𝑌𝑌3 +  … + 2𝑌𝑌𝑛𝑛−1𝑌𝑌𝑛𝑛� − [𝐸𝐸(𝑌𝑌1) + 𝐸𝐸(𝑌𝑌2) +  … + 𝐸𝐸(𝑌𝑌𝑚𝑚)]2 

= 𝐸𝐸 ��𝑌𝑌𝑖𝑖2
𝑚𝑚

𝑖𝑖=1

� + 2𝐸𝐸 �� � 𝑌𝑌𝑖𝑖𝑌𝑌𝑖𝑖

𝑚𝑚

𝑖𝑖=𝑖𝑖+1

𝑚𝑚−1

𝑖𝑖=1

� − (0 + 0 + ⋯+ 0)2 

= �𝐸𝐸�𝑌𝑌𝑖𝑖2� + 2 � � 𝐸𝐸�𝑌𝑌𝑖𝑖𝑌𝑌𝑖𝑖�
𝑚𝑚

𝑖𝑖=𝑖𝑖+1

𝑚𝑚−1

𝑖𝑖=1

𝑚𝑚

𝑖𝑖=1

 

      M1 *A1 (2) 

(iii)   

𝑃𝑃(𝑍𝑍12 = 1) =
1
2

 ×  
1
6

=
1

12
 

If  𝑍𝑍23 = 1 then player 2 has rolled an even score and player 3 has scored the same so, in this case, 
for  𝑍𝑍12 = 1 , require player 1 to roll the score that player has so  𝑃𝑃(𝑍𝑍12 = 1|𝑍𝑍23 = 1) = 1

6
. 

Therefore, 𝑃𝑃(𝑍𝑍12 = 1) ≠ 𝑃𝑃(𝑍𝑍12 = 1|𝑍𝑍23 = 1) and thus 𝑍𝑍12 and 𝑍𝑍23 are not independent. 

Alternatively,  
𝑃𝑃(𝑍𝑍12 = 1) = 1

12
  , 𝑃𝑃(𝑍𝑍23 = 1) = 1

12
 

For 𝑍𝑍12 = 1 and  𝑍𝑍23 = 1  we require all three players to score the same even number so 

𝑃𝑃(𝑍𝑍12 = 1 𝑎𝑎𝑛𝑛𝑑𝑑 𝑍𝑍23 = 1 ) =  
3
6

×
1
6

×
1
6

=
1

72
 ≠

1
12

×
1

12
= 𝑃𝑃(𝑍𝑍12 = 1) × 𝑃𝑃(𝑍𝑍23 = 1) 

and thus they are not independent.  M1 A1 (2) 

Using part (ii),  let 𝑌𝑌1 = 𝑍𝑍12 , let 𝑌𝑌2 = 𝑍𝑍13 , … let 𝑌𝑌𝑚𝑚 = 𝑍𝑍(𝑛𝑛−1)𝑛𝑛     

(and with  𝑚𝑚 = 𝐵𝐵2 = 𝑛𝑛(𝑛𝑛−1)
2

𝑛𝑛  ). 



𝑃𝑃(𝑍𝑍12 = 1) = 1
12

 ,  𝑃𝑃(𝑍𝑍12 = −1) = 1
12

 ,  𝑃𝑃(𝑍𝑍12 = 0) = 5
6
   so   𝐸𝐸(𝑍𝑍12) = 0  and  𝐸𝐸�𝑍𝑍122� = 1

6
    and 

likewise for all other Z  (Y!).                                                                        B1                          B1 

If total score is U , then  

𝑈𝑈 = �𝑍𝑍𝑖𝑖𝑖𝑖
𝑖𝑖<𝑖𝑖

 

so   

𝐸𝐸(𝑈𝑈) = 𝐸𝐸 ��𝑍𝑍𝑖𝑖𝑖𝑖
𝑖𝑖<𝑖𝑖

� = �𝐸𝐸�𝑍𝑍𝑖𝑖𝑖𝑖� = 0
𝑖𝑖<𝑖𝑖

 

        B1 

which means we can apply the result of (ii). 

If  𝑍𝑍12 = 1  then  𝑍𝑍13 = 1  or  𝑍𝑍13 = 0 

If  𝑍𝑍12 = −1  then  𝑍𝑍13 = −1  or  𝑍𝑍13 = 0 

Otherwise    𝑍𝑍12 = 0   

So  𝐸𝐸(𝑍𝑍12𝑍𝑍13) = 1 × 1 × 1
72

+  −1 × −1 × 1
72

= 1
36

  M1 A1 

So  

𝑉𝑉𝑎𝑎𝑟𝑟(𝑈𝑈) =
𝑛𝑛(𝑛𝑛 − 1)

2
×

1
6

+ 2 × 𝑛𝑛 ×  𝐵𝐵2  ×  
1

36
𝑛𝑛−1 =  

𝑛𝑛(𝑛𝑛 − 1)
12

+
𝑛𝑛(𝑛𝑛 − 1)(𝑛𝑛 − 2)

36
 

   M1  M1 A1 

=
𝑛𝑛(𝑛𝑛 − 1)

36
�3 + (𝑛𝑛 − 2)� =

𝑛𝑛(𝑛𝑛 − 1)(𝑛𝑛 + 1)
36

=  
𝑛𝑛(𝑛𝑛2 − 1)

36
 

         *A1 (9) 

 

 




